Was the primordial universe magnetized? The answer to this question would help explain the origin of micro-Gauss strength magnetic fields observed in galaxies. It is also of fundamental importance in developing a complete theory of the early universe. While there can be other signatures of cosmological magnetic fields, a signature in the cosmic microwave background (CMB) would prove their primordial origin. The B-mode polarization of CMB is particularly promising in this regard because there are relatively few other sources of B-modes, and because the vortical modes sourced by the primordial magnetic field (PMF) survive diffusion damping up to a small fraction of the Silk length. At present, the Planck temperature and polarization spectra combined with the B-mode spectrum measured by the South Pole Telescope (SPT) constrain the PMF strength to be no more than ∼ 1 nano-Gauss (nG). Because of the quartic scaling of the CMB anisotropy spectra with the PMF strength, this bound will not change by much even with the significantly better measurements of the B-mode spectrum by the Stage III and Stage IV CMB experiments. On the other hand, being able to tighten the bound well below the 1 nG threshold is important for ruling out the purely primordial origin of galactic fields. Considering Faraday rotation, which converts some of the Emodes into B-modes and scales linearly with the field strength, will help to achieve this goal. As we demonstrate, the upcoming experiments, such as SPT-3G and the Simons Observatory, will be sensitive to fields of ∼ 0.5 nG strength thanks to the mode-coupling signature induced by Faraday rotation. A future Stage IV ground based experiment or a Space Probe will be capable of probing fields below 0.1 nG, and would detect a scale-invariant PMF of 0.2 nG strength without de-lensing or subtracting the galactic rotation measure.
I. INTRODUCTION
The pre-recombination universe was fully ionized and could sustain a frozen-in magnetic field configuration over many epochs of its evolution [1] . There are observational and theoretical arguments favouring the existence of such a primordial magnetic field (PMF) [2] . Chief amongst them is the unexplained origin of the galactic magnetic fields, typically of micro-Gauss (µG) strength and coherent over the extent of the galaxy. Such magnetic fields could be generated through a dynamo mechanism, but it would still require a seed field of a certain minimum strength [3] . Moreover, µG strength fields are observed in high redshift galaxies that are too young to have gone through the number of revolutions necessary for the dynamo to work [4] . A PMF of sufficient strength on appropriate scales could provide the seed, or eliminate the need for the dynamo altogether. Since a typical galactic halo is a few kilo-parsec (kpc) in size and forms in a collapse of a few Mega-parsec (Mpc) sized region, the latter possibility requires a PMF CMB through modification of the intergalactic medium evolution [62] .
The search for the PMF is not limited to CMB observations. The magnetic pressure and the diffusion damping of the magnetic fields affect the growth of large scale structure on scales k > 1 h/Mpc [63] [64] [65] [66] . Since non-linearities are important on these scales, accurate modelling of these effects requires numerical simulations of structure formation in the presence of the PMF that do not exist at present. There is also preliminary evidence [67] , coming from the observations of high energy cosmic rays, of magnetic fields coherent over cosmological (O(Mpc)) distances. Upcoming data, combined with improved modelling of plasma instabilities, should be able to conclusively confirm or deny this possibility [68] . However, even if cosmological scale magnetic fields were discovered, it would not necessarily prove their primordial origin, as they could, in principle, be produced through ejection of magnetic field lines in explosions of highly magnetized stars or via other astrophysical processes [69] [70] [71] [72] [73] . On the other hand, detecting a magnetic field signature in CMB would provide a conclusive proof of its primordial origin.
The top scientific objective of the next generation CMB polarization experiments is the detection of inflationary gravitational waves [74] . They will also aim to provide an accurate measurement of the weak lensing contribution to the B-mode spectrum, which happens to be on angular scales where the PMF effects are also important. Their specifications will be well suited for reducing the bound on the PMF strength by an order of magnitude [75] [76] [77] . In particular, as we will show, measurements of the FR induced mode-coupling correlations by a Stage IV ground based experiment will be able to probe PMFs of 0.1 nG strength and finally push the sensitivity well below the critical 1 nG threshold.
II. PMF CONTRIBUTIONS TO CMB TEMPERATURE AND POLARIZATION ANISOTROPIES
Under the ideal magnetohydrodynamic (MHD) approximation, which is known to hold well in the highly conducting primeval plasma of the early universe and on cosmological scales at smaller redshifts, the PMF configuration remains frozen in the plasma. Its strength evolves with time according to B(x, τ ) = B(x, τ 0 )/a 2 (τ ) (see [78] for a review), where τ 0 denotes the present conformal time and a is the scale factor normalized to a(τ 0 ) = 1. Following the convention, we will quote all bounds on the PMF in terms of the "comoving" field strength B(x, τ 0 ).
We assume that the PMF does not have a homogeneous component, as it would break the isotropy of the Universe and has already been strongly constrained by CMB [79, 80] . Instead, we model the PMF as a statistically isotropic Gaussian distributed random field described by a power spectrum
where P ij = δ ij −k ikj . In the equation above, we have neglected the parity-odd contribution from the helical component of the PMF. Including the helical component requires introducing additional free parameters and is largely degenerate with the overall normalization, weakening the bounds on the PMF strength by about 25% [27] . Given this, for the sake of simplicity, we omit the helical contribution in the remaining discussion. However, future data can, in principle, measure it through parity-odd CMB polarization spectra [81] [82] [83] . The magnetic power spectrum is commonly taken to be a power law parametrized as
where n B is the spectral index and 2π/k D is the damping scale below which magnetic fields dissipate due to radiation viscosity [18, 56] . The spectral index depends on the generation mechanism of the PMF. The originally proposed simple inflationary models of magnetogenesis predicted a scale-invariant spectrum, corresponding to n B = −3, although other values are possible in more complicated models [84] . The PMFs produced in phase transitions generically have n B = 2 on large scales probed by CMB [85] [86] [87] . The damping scale depends on the amplitude of the PMF spectrum and the spectral index as [13, 18, 27] 
where Ω b is the baryon density fraction, h is the reduced Hubble constant, H 0 = 100 h km/(s Mpc), and B λ is obtained by smoothing the magnetic energy density over a comoving wavelength λ using a Gaussian filter:
It is common to take λ = 1 Mpc, as it corresponds to the size of a typical region at the time of last scattering that later collapses to form a galactic halo. Another way to quantify the strength of the PMF is in terms of its contribution to the radiation energy density, namely,
and defining the effective PMF strength as B eff = √ 8πE B . Correspondingly, one can define the fractional PMF density as Ω Bγ = E B /ρ γ where ρ γ is the total radiation energy density. The relation between B eff , B λ and Ω Bγ is given by [13, 25] 
The stress-energy tensor associated with the PMF can be written as [17] T
where B i (x) = B i (x, τ 0 ), ρ γ and p γ = ρ γ /3 are the photon density and pressure, ∆ B is the magnetic contribution to the radiation density contrast and Π i B j is the dimensionless anisotropic stress. CMB is studied through measurements of four Stokes parameters: the intensity I, functions Q and U describing linear polarization, and V which quantifies circular polarization. CMB is not expected to be circularly polarized, and none of the processes discussed in this paper can generate V at an appreciable level, hence we will ignore V from now on. A typical CMB experiment would measure I, Q and U at different points on the sky and several frequencies. The primary sources of anisotropies preserve the black body spectrum of the primordial CMB signal, while altering the temperature of the black body along different directions on the sky. For this reason, I, Q and U are quantified in terms of fluctuations of the black body temperature in a given line of sightn.
Rather than interpreting the data in terms of Q and U , which depend on the choice of the coordinate basis, it is beneficial to project them onto a parity-even and a parity-odd basis polarization patterns, referred to as E (gradient) and B (curl) modes [88, 89] . Namely, one can write
where ±2 Y lm (n) are the spin-2 spherical harmonics, and E lm and B lm are the E and B mode multipoles. The E and B mode spectra are obtained by taking ensemble averages of products of the multipole coefficients. For instance, the B-mode spectrum,
. Separating the polarization signal into E and B modes helps to reveal the physical processes responsible for polarizing CMB. Intensity gradients present at last scattering generate parity-even E-mode polarization patterns, while B-modes require sources that have handedness, such as gravitational waves or vorticity in the metric.
The correspondence between the observed E and B modes and their primordial origin is partially obscured by the galactic foregrounds, primarily the polarized dust and the synchrotron emission, which generate both modes at roughly the same magnitude. They pose a particularly strong challenge for B-modes, since the target primordial signal is extremely faint in comparison. For example, the B-mode spectrum sourced by gravitational waves generated during inflation with tensor-to-scalar ratio r = 0.001, which is the target of the next generation of CMB experiments, is at least two orders of magnitude weaker than the foreground contribution. Since foregrounds typically depend on frequency, they can be subtracted, in principle, by comparing CMB maps at different frequencies. However, doing it with the above-mentioned accuracy is an extremely challenging ongoing problem.
We are specifically interested in B-modes sourced by the PMF. The PMF stress-energy sources perturbations in the metric, which include vector (vorticity) and tensor (gravitational waves) modes. As we will discuss below, Bmodes are primarily sourced by the "compensated" vector modes and the "passive" tensor modes. In addition, the polarization of CMB is rotated along the line of sight by FR, which is frequency-dependent and introduces a characteristic mode-coupling signature. We briefly review these effects below.
A. Anisotropies from metric fluctuations sourced by a stochastic PMF Let us consider a stochastic PMF generated at some early epoch before last scattering. The PMF induced CMB effects are constrained to be small on cosmological scales, hence we can work at linear order in perturbation theory where the PMF is treated as a stiff source with no back-reaction from the metric or matter fluctuations. In Fourier space, the traceless symmetric tensor Π i B j in Eq. (7) can be decomposed into scalar (S), vector (V) and tensor (T) components [90] as
with the components given by
where
are, respectively, the scalar, vector and tensor harmonic functions [90, 91] . Here, e (±) = −i/ √ 2(e 1 ± ie 2 ), e 1,2 are the unit vectors orthogonal to the wave vector k and e (±2) ij
j . At linear order in perturbation theory, the scalar, vector and tensor modes evolve independently. There is a subtlety in setting their initial conditions that stems from the presence of neutrinos. Namely, after neutrinos decouple from photons, which happens at energies below 1 MeV, they free stream and can develop a non-zero anisotropic stress that compensates the stiff anisotropic stress of the PMF. However, prior to their decoupling, neutrinos are bound in a tightly coupled fluid with photons and baryons and are unable to compensate for the magnetic anisotropic stress, which then acts as a source of adiabatic scalar and tensor mode perturbations [14] . On scales that remain outside the horizon, the amplitudes of these perturbations grow logarithmically with time until neutrinos decouple and remain constant afterwards. In practice, the initial conditions for perturbations are set on super-horizon scales at some time after the neutrino decoupling. Then, perturbations sourced prior to decoupling set the initial amplitude of the adiabatic mode, which subsequently evolves passively without further influence from the PMF stress-energy. Further, they are assumed to be uncorrelated with the adiabatic fluctuations generated by inflation and are treated as separate passive magnetic modes [14, 17] . After the neutrino decoupling, the PMF stress-energy continues to actively source compensated perturbations of isocurvature type [15, 92, 93] , which evolve independently from the adiabatic mode. The adiabatic vector modes decay rapidly when not sourced and can be ignored, thus CMB spectra receive contributions from five magnetic modes in total: a passive and a compensated scalar mode, a passive and a compensated tensor mode, and a compensated vector mode. At linear order, contributions of the different modes to the CMB spectra are uncorrelated and can be computed separately. We will focus only on the two modes that can contribute to the B-mode spectrum at an observationally relevant level: the compensated vector mode and the passive tensor mode 3 . A publicly available code 4 for computing PMF sourced CMB spectra was developed in [37] based on CAMB [94] and an earlier code written by R. Shaw [17] .
The PMF acts as an active source of vector perturbations with the vector component of the magnetic anisotropic stress, Π (±1) B , being compensated by the anisotropic stress of neutrinos, Π (±1) ν . The compensated tensor mode has a negligibly small amplitude and can be ignored. However, by the time of neutrino decoupling, the PMF sources an adiabatic tensor mode of amplitude [17] 
where τ ν and τ B are the conformal times at the epochs of neutrino decoupling and the PMF generation, and R γ and R ν are the photon and neutrino fractions of the total radiation density. In Fig. 1 (left and centre panels), we show the compensated vector and the passive tensor modes contributions to the B-mode spectrum (BB) for B 1 Mpc = 2 nG, β = log 10 (τ ν /τ B ) = 17 and different values of the spectral index. Note the change in the dependence on n B that occurs at n B = −1.5. In the −3 < n B < −1.5 range, the shapes of the CMB spectra are determined by a Fourier spectrum that scales as k 2n B +6 [17] . Thus, in that regime, an increase in n B causes a shift of power from lower to higher l. This reduces the CMB anisotropy power on scales within the observational window. In contrast, for n B ≥ −1.5, the CMB spectra are independent on n B because the Fourier spectrum is cutoff dominated. In that case, the amplitude of the spectrum increases with n B , thus larger values of n B lead to more CMB power for the same PMF strength on 1 Mpc scale.
The vector mode contribution to BB, being independent of τ B , offers a less model-dependent constraint on the PMF strength. Furthermore, it contributes to scales on which foregrounds are less of a problem and where the lensing 
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Len Inf, r = 0.01 contribution to the B-mode spectrum has already been measured. In the future, when measurements at lower l become available, simultaneous constraints on the tensor and vector modes will allow to constrain τ B , which is of fundamental interest.
The contribution of the magnetic vector mode to the B-mode polarization power spectrum can be well constrained by the current and future CMB experiments capable of detecting the B-modes from weak lensing. It is clear from the right panel of Fig. 1 that the high-l measurements of the B-mode polarization performed by SPT can place competitive bounds on the amplitude of the PMF. As shown in [37] , they significantly reduce the upper bound obtained from Planck.
B. Mode-coupling correlations induced by Faraday rotation
The polarization vector of CMB photons passing through magnetized plasma is rotated by an angle [23, 95] 
whereτ is the differential optical depth, ν is the frequency at which CMB is observed, B is the comoving magnetic field, and dl is the comoving length element along the photon trajectory. The rotation measure (RM) is a commonly used frequency independent characteristic of the strength of FR. Eq. (12) implies that a significant RM can be produced by a small PMF over a large distance, which is the case at recombination, or by a larger magnetic field over a smaller path, which is the case inside our galaxy. The latter acts as noise in the estimates of the RM due to a PMF and was studied in detail in [76] . The main contribution of the PMF to FR happened just after the polarization was generated at the time of last scattering, when the mean ionized fraction was still high. Subsequently, additional FR was produced in ionized regions along the line of sight that contain magnetic fields, such as clusters of galaxies and our own galaxy. We will not discuss FR from clusters, as they are expected to induce rotations of CMB polarization on relatively small scales. On the other hand, the Milky Way contribution to the RM near galactic poles can look very similar to that of a scale-invariant PMF [76] . When the polarization is rotated, the two Stokes parameters transform as
where Q (0) and U (0) are the Stokes parameters at last scattering. Since the FR angle falls off as 1/ν 2 , Q (0) and U
can also be taken to be the Stokes parameters measured at a very high frequency. In theory, it is possible to extract the FR angle by taking maps of Q and U at different frequencies and using Eq. (13) to solve for the rotation in each pixel. Each additional frequency channel provides a separate measurement of α(ν) thus reducing the error bar on the measurement of RM(n). Such a direct measurement of FR would be interesting to attempt, but could be challenging given that Q and U maps require significant processing to subtract the foreground contributions. Another way to extract the rotation angle is based on quadratic estimators utilizing mode-coupling correlations between E and B modes induced by FR [96] [97] [98] [99] . It is similar to the procedure used to isolate the weak lensing contribution to CMB anisotropies [100] . Unlike a direct extraction of FR from Eq. (13), the quadratic estimator method does not utilize the frequency dependence. It is statistical in nature and formally involves summing over all pixels of Q and U in order to reconstruct α in a given direction on the sky.
In the small rotation angle approximation, which is well-justified since the PMF is constrained to be very small, the relation between the spherical expansion coefficients of the E, B and α fields can be written as
where ξ 
with the summation restricted to even L + l + l. Eq. (14) assumes "instant last scattering", namely, that all of the E-mode polarization was generated instantly at some early time, and subsequently rotated. In reality, during last scattering, the polarization is rotated while it is being produced. This approximation has been investigated in great detail in [25] , where the exact radiation transfer equations in the presence of magnetic fields were solved. It was shown that corrections introduced by taking into account the width of the last scattering are not negligible, but not significant enough to warrant complicating the discussion of the observability of the FR effects. Eq. (14) implies correlations between multipoles of E and B modes. Since the primordial T and E are correlated, FR also correlates T and B. The quadratic estimator method assumes the primordial E mode to be a statistically isotropic Gaussian random field characterized by a known power spectrum, so that E *
. Then, given a CMB polarization map, one can calculate a quantity
which is an unbiased estimator of α LM [96] from a given pair of multipoles ll . The optimal estimate of α LM is obtained by summing over all available ll pairs weighted appropriately to minimize the variance. An analogous estimator can be constructed from products of T and B. The variance is further reduced when combinations of E, B and T from different frequency channels are combined. In such a case, one works with the estimator of RM defined, in the case of EB, as [77] [
where i and j label different frequency channels. The variance inr LM , for a statistically isotropic RM, is defined as r *
is the RM power spectrum that receives contributions from the PMF and the galaxy, while σ 2 RM,L is the combined variance of individual estimators [r B i E j ,LM ] ll . Using notation similar to that of [98] , the variance can be written as
where the sum is restricted
2 /π, A and A label all relevant quadratic combinations of E, B and T,
with X denoting either T or E, and W 
with X and Y standing for either E or T, and
is the measured spectrum, that includes the primordial contribution C XY,prim l , the WL contribution C
XY,WL l
, and the detector noise σ 2 P,i which is taken to be uncorrelated between different maps. The de-lensing fraction f L is introduced to account for the partial subtraction of the WL contribution. According to [101] , the quadratic estimator method of [100] can reduce the WL contribution toC BB l by a factor of 7 (implying f L = 0.14), with iterative methods promising a further reduction [101] .
The signal-to-noise ratio of the detection of the primordial RM spectrum C RM,PMF L is given by
where f G is the fraction of the galactic RM spectrum that contributes to the total measured signal. Estimates of C
RM,G L
for different sky cuts were obtained in [76] based on the galactic RM map of Oppermann et al [102] . The RM map [102] was produced using a compilation of FR of extragalactic radio sources. They found that the RM is the strongest along the galactic plane, falling off as one moves towards the poles and becoming latitude independent at latitudes higher than 80
• . Near the galactic poles, the RM is ∼ 20 rad/m 2 and has a nearly scale-invariant anisotropy spectrum for L > 200. It was found that, because of the strong RM away from the poles, it is optimal to use f sky ∼ 0.2 for constraining the PMF.
The quadratic estimator works for the monopole (L = 0) and the dipole (L = 1) of the FR field which, in principle, should not be ignored. However, the FR angle is not expected to have a monopole, since it would imply a nonzero magnetic charge enclosed by the CMB surface, while the dipole, corresponding to a uniform magnetic field, is constrained to be negligible for the PMF and is relatively unimportant for the galactic RM.
The variance of the rotation measure estimator σ RM,L is the smallest for large scale rotations and increases steadily with increasing L. This makes physical sense -a rotation that is uniform over a large part of the sky will couple many ll pairs in exactly the same way, boosting the signal-to-noise of its detection. Thus, while one wants to measure E and B modes at l ∼ 1000, one is actually probing rotations at L < 100 [77] . For this reason, the mode-coupling estimator is generally more sensitive to PMFs that have a large fraction of their power on large scales.
For a scale-invariant PMF, the dependence of the signal-to-noise on the survey parameters is well approximated by [77] S N ≈ B λ 0.1 nG
which works quite well for S/N ≥ 2, but breaks down in the noise dominated regime. This expression does not account for the weak lensing contribution and the galactic RM and hence should be taken as the "in principle" limit achievable with a given experiment. In addition to the mode-coupling correlations of EB and TB type, FR also contributes to the B-mode polarization spectrum, C BB l [24, 103] . A detailed discussion of the FR induced B-mode spectrum can be found in [25] . As shown in [76] , for scale-invariant PMF, the FR signatures are always less visible in the B-mode spectrum compared to the mode-coupling quadratic estimator. However, for causally generated PMF which have blue spectra with n B = 2, the signal-to-noise of detecting FR in BB is higher than that in the quadratic estimator [75] , although the resulting constraints are not competitive with other probes of causal fields. Overall, the BB sourced by FR is not a promising probe and we will not discuss it further.
III. CURRENT AND FUTURE B-MODE BOUNDS ON PRIMORDIAL MAGNETIC FIELDS
CMB polarization was first detected by DASI in 2002 [104] , followed shortly by WMAP [105, 106] . In the subsequent decade, the E-mode polarization measurements steadily improved, culminating in the high-resolution EE spectra obtained by Planck [28] . Until recently, only upper bounds on the B-mode spectrum were available. However, thanks to the pioneering work by the POLARBEAR [32] , BICEP/Keck [33, 34] and SPT [26] collaborations, cosmology has entered the era of precision B-mode science. The ongoing and future experiments will improve the accuracy and resolution of B-mode measurements by orders of magnitude. In what follows, we will review the current PMF bounds derived from B-modes and present forecasts for the upcoming and future CMB experiments. We will consider both ways in which constraints on the PMF can be derived from CMB polarization, namely, the B-mode spectrum and the mode-coupling correlations induced by FR. 
A. Current bounds from the B-mode spectrum and Faraday rotation
Prior to the B-mode data becoming available, CMB bounds on the PMF were derived from the available measurements of TT, TE and EE [27, 29] . These spectra are dominated by the primary CMB anisotropies, with the PMF contribution being relatively small and partially degenerate with changes in cosmological parameters. The availability of the B-mode spectra significantly improved the bounds. This was first demonstrated by the POLARBEAR collaboration, who placed a bound of B 1Mpc < 3.9 nG [35] , comparable to the one from Planck, using only their B-mode spectrum. One should note that Planck data was used indirectly to determine the cosmological parameters assumed in [35] , however the PMF contributions to TT, TE and EE were not used in deriving the constraint.
A comprehensive analysis was performed by Zucca et al [37] , who considered the PMF contributions to all CMB spectra and obtained constraints based on the Planck TT, TE and EE [107] in combination with the B-mode spectrum measured by SPT [26] . Fig. 2 , based on the analysis in [37] , allows one to compare the PMF bounds obtained from the Planck data alone, and after adding the BB measurements. The PMF bounds obtained by the Planck collaboration in [27] are broadly consistent with [37] , with minor differences that have been addressed in [37] .
To obtain the distributions in Fig. 2 , in addition to the standard cosmological parameters, three PMF parameters were varied: the amplitude B 1Mpc , the spectral index n B , and the PMF generation time parameter β = log 10 (τ ν /τ B ). The left and the centre panels of Fig. 2 show the joint probability obtained in [37] for the magnetic amplitude B 1 Mpc and the magnetic index n B from Planck alone and after combining Planck with SPT. One can see that the bound on B 1 Mpc becomes weaker with increasing n B in the −3 < n B < −1.5 range. However, the bound becomes stronger when n B > −1.5. This is due the qualitative change in the dependence of the CMB spectra on n B that occurs at n B = −1.5. Namely, as discussed in [27, 37] and can be seen from Fig. 1 , for −3 < n B < −1.5, an increase in n B results in a shift of power from lower to higher l, reducing the signal inside the observational window, and thus allowing for larger PMF strengths. In contrast, when n B > −1.5, the CMB spectra are cutoff dominated and no longer change in shape, with larger n B giving larger amplitudes for the same PMF strength, leading to tighter constraints on B 1 Mpc .
Since there was no detection of the PMF amplitude, the magnetic spectral index n B and the PMF generation epoch parameter β are unconstrained. To see this, one must choose appropriate priors on B 1 Mpc . Fig. 2 separately shows the cases with a uniform (left panel) and the logarithmic (center panel) prior on B 1 Mpc . One can see an apparent upper bound on n B in the case of the uniform prior, which is clearly unphysical and is due to the fact that extremely small values of B 1 Mpc have effectively zero prior probability. The upper bound on n B disappears if one uses a logarithmic prior on B 1 Mpc which treats values of different orders of magnitude with equal probability. Incidentally, the choice of the prior does not affect the upper bound on B 1 Mpc .
There is a potential degeneracy between the tensor-to-scalar ratio r and the time of the generation of the PMF parameter β, since, for nearly scale-invariant PMFs, the passive tensor magnetic mode is similar in shape to the inflationary tensor mode. To address this, Zucca et al [37] separately considered the cases with a fixed r = 0, and when the two parameters are co-varied. It was found that this degeneracy does not affect the current bounds since the B-mode data on the relevant scales is still very weak. This will change in the future, when data from experiments such as the Simons Observatory [108] , designed to detect r ∼ 0.001, becomes available. Having a reliable B-mode spectrum measured over the 50 < l < 3000 range would simultaneously constrain the amplitude and the generation epoch of the PMF, helping to narrow the search for the correct theory of magnetogenesis.
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θ fwhm σP θ fwhm σP θ fwhm σP (GHz) ( ) (µK-) ( ) (µK-) ( ) (µK-) ( ) (µK-)  45  ------18  8  70  ------11  4 As Fig. 2 demonstrates, adding the B-mode data significantly tightens the constraints. In the case when the magnetic spectral index n B is allowed to vary, the 95% CL bound on B 1 Mpc is reduced from 3.3 nG to 1.55 nG. The bounds are stronger when the spectral index is fixed to n B ≈ −3, which is of particular interest because the simplest models of inflationary magnetogenesis [6, 7] predict a nearly scale-invariant PMF. In the case of n B = −2.9, the 95% CL bound is reduced from 2 nG for Planck to 1.2 nG for Planck+SPT. We note that the dependence on the smoothing scale disappears in the scale-invariant case, and B 1 Mpc = B eff .
The other special cases is that of PMFs generated after inflation, e.g. during preheating [8, 9] or in phase transitions [5] . Such fields have very small coherence lengths and are uncorrelated on cosmological scales. This leads to a generic prediction, based on causality, for such fields to have n B = 2 on scales relevant to CMB anisotropies [56, 85, 86] . Since these fields have most of their power concentrated on small scales, 1 Mpc is not a representative scale for assessing their strength. It is more appropriate to use Ω Bγ or B eff , which quantify the total energy density in the PMF [25, 64, 87] . The Planck+SPT provides a constraint of Ω Bγ < 10 −3 or B eff < 100 nG at 95% CL, which is two orders of magnitude stronger than the Big Bang Nucleosynthesis bound of Ω Bγ < 0.1 [109] [110] [111] [112] . As expected, the corresponding bound on B 1 Mpc is extremely weak, B 1 Mpc < 0.002 nG at 95% CL.
Future BB measurements will not seriously change the current constraint on the PMF because of the quartic scaling of CMB spectra with the field strength. Instead, the mode-coupling induced by FR scales linearly and should offer a more sensitive probe. The method has already been applied to the POLARBEAR maps [35] to derive a 95% CL bound of 93 nG on the scale-invariant PMF. Even though it is not competitive compared to the current bound from BB, the method holds a huge promise for the upcoming and future experiments.
B. Forecasted bounds from SPT-3G, the Simons Observatory, CMB-S4 and Space Probe
The SPT B-mode spectrum [26] , shown in Fig. 1 , constrains the magnetic vector mode, which contributes roughly on the same angular scale as the weak lensing B-mode. Over the next few years, Stage III CMB experiments, such as SPT-3G [113] and the Simons Observatory (SO) [108] , will measure the B-mode spectrum with a significantly better accuracy. However, while they will reduce the uncertainty in the PMF contribution to BB by more than an order of magnitude [114] , it will translate into only a minor improvement in the bound on the PMF strength thanks to the quartic dependence of the spectrum on B λ . It will remain at or just below 1 nG even after the data from a future Stage IV ground based experiment [74] or a future space mission become available.
The FR induced mode-coupling, on the other hand, scales linearly with B λ , and the qualitative improvements in the quality of CMB polarization maps will translate into dramatically improved bounds on nearly scale-invariant PMFs. As we show below, the 1σ uncertainty in B λ will decrease from about ∼ 50 nG today [35] to ∼ 0.5 nG for Stage III and to ∼ 0.1 nG for Stage IV experiments. Crossing the 1 nG threshold is significant for ruling out a purely primordial origin of the galactic magnetic field, and the FR induced mode-coupling will achieve this milestone.
In what follows, we will present forecasts for three representative classes of experiments:
• Stage III ground based experiments, such as the planned SPT-3G [113] and the Simons Observatory (SO) [108] . Both are expected to measure the Stokes parameters at three frequencies: 95, 150 and 220 GHz. SPT-3G will offer ∼ 1 arcmin resolution covering 6% of the sky and will achieve noise levels below the weak lensing B-mode signal (< 5 µK-arcmin). The SO will cover a larger fraction of the sky with a resolution of a few arcmin and noise levels comparable to the weak lensing B-mode.
• A proposed Stage IV ground based experiment (CMB-S4) [74] , that will cover 40% of the sky at 100 and 150 GHz with ∼ 1 arcmin resolution and noise levels of ∼ 1 µK-arcmin. TABLE II : Current and forecasted 68% CL bounds on the amplitude B λ of a scale-invariant PMF for different choices of parameters fL and fG quantifying the fraction of the weak lensing contribution to BB and the fraction of the galactic rotation measure, respectively. a Estimated 68% CL bound based on the 95% CL bound of 93 nG derived by POLARBEAR in [35] . b The 68%
CL bound derived in [37] using TT, EE, TE spectra from Planck and BB from SPT. c Based on the B-mode spectrum alone, assuming fixed cosmological parameters.
• A space mission, similar to the proposed CMBPol EPIC-IM [115] and CORE [116] , mapping the full sky using multiple channels covering a wide range of frequencies at a resolution of a few arcmin and noise levels comparable to the weak lensing B-mode. We will consider the channels in the 45-150 GHz range, where the mode-coupling induced by FR can be significant.
The parameters assumed for each of the experiments are summarized in Table I . Since the mode-coupling estimator is generally more sensitive to PMFs that have a large fraction of their power on large scales, we only consider the case of a scale-invariant PMF, with n B = −2.9, with our conclusions being valid for a range of n B close to that value. The forecasted bounds on the scale-invariant PMF amplitude are shown in Table II for different choices of parameters f L and f G quantifying the fraction of the weak lensing contribution to BB and the fraction of the galactic rotation measure, respectively. The case of no de-lensing corresponds to f L = 1, while a perfect de-lensing corresponds to f L = 0. Similarly, f G = 1 and 0 correspond to no galaxy subtraction and a full subtraction, respectively. While a full subtraction of either weak lensing or the galactic rotation measure is impossible in practice, we opt to include these possibilities to demonstrate the ultimate sensitivity of the quadratic estimator to the PMF.
We find that the two Stage III experiments will have comparable sensitivities to the PMF, promising to achieve ∼ 0.6−0.7 nG for SPT-3G and ∼ 0.4 nG for the SO at 68% CL. While SPT-3G will offer a higher resolution and lower noise levels that the SO, it will cover a smaller fraction of the sky. Because the SPT-3G detector noise is expected to be securely below the weak lensing BB, the SPT-3G bounds are more sensitive to the degree of de-lensing. On the other hand, the expected noise levels of the SO are comparable to the weak lensing contribution and subtracting it does not make as much of a difference. Instead, the stronger bounds on the PMF from the SO are due to a larger sample of ll pairs available with the larger sky coverage. As expected, the superior accuracy with which Stage III experiments will measure the B-mode spectrum compared to the existing data from SPT will not lead to a notable improvement in the BB-based bound on the PMF strength. Instead, the mode-coupling based bound will be reduced by 2 orders of magnitude, from ∼ 50 to ∼ 0.5 nG.
The SO is considered to be a path-finder experiment towards a future Stage IV experiment. Both will cover about half the sky, but CMB-S4 will do it at a much higher resolution and lower noise levels. It can constrain the PMF to below 0.2 nG without any de-lensing and can, in principle, achieve bounds below 0.1 nG. The bounds would get even tighter if channels at frequencies lower than 95 GHz were added. However, at some point, the galactic RM, which is roughly equivalent to the RM produced by a ∼ 0.1 nG scale-invariant PMF [76] , will pose an obstacle to pushing the bound lower.
As one can see from Table II , a realistic space mission would not necessarily offer stronger bounds than CMB-S4. A space based experiment would generally be better for studying large scale CMB anisotropies and for measurements at higher frequencies needed to better understand the galactic foregrounds. Since the mode-coupling estimator relies on measurements at l ∼ 1000, it does not benefit significantly from a larger sky fraction. Also, the galactic rotation measure is very strong near the galactic plane, restricting the useful fraction of the sky to f sky ∼ 0.2 around the galactic poles. Nevertheless, we find that a space probe such as EPIC-IM or CORE would offer bounds of ∼ 0.1 nG, comparable to CMB-S4.
Overall, our forecasts show that one can achieve bounds close to 0.1 nG without worrying about FR due to our galaxy. Going below 0.1 nG would only be possible [76, 77] if there was an independent measurement of the galactic RM. A full sky RM map was constructed in Oppermann et al [102] based on a compilation of RMs of known radio sources. Their map was used in [76] , as well as in the present analysis, to estimate the obstruction to the PMF posed by the galaxy. While the map of [102] has large uncertainties, it is plausible to expect better maps, based on many more radio sources, to become available in the future. Thus, in principle, it should be possible to use the FR mode-coupling estimator to push the bound on the PMF below 0.1 nG.
IV. OUTLOOK
Cosmology has entered the era of precision B-mode science thanks to the breakthrough results achieved by PO-LARBEAR [32] , BICEP/Keck [33, 34] and SPT [26] . The next generation of CMB polarization experiments will significantly improve the accuracy of B-mode measurements. In addition to searching for signatures of inflationary gravitational waves [117] and PMFs, they will probe neutrino masses [118] , modifications of gravity [119, 120] , cosmic (super)strings [121] [122] [123] [124] and other fundamental physics [74] .
In this article, we have reviewed the most relevant B-mode signatures of a PMF. At present, and in the near term, the tightest bounds on the PMF strength will come from the vector and tensor mode magnetic contributions to the BB spectrum. When accurate measurements of BB at lower l become available, it will be possible to simultaneously constrain the amplitude and the generation epoch of the PMF, which is of great relevance to theories of the early universe. Also, having accurate estimates of parity-odd TB and EB spectra would allow to constrain the helical component of the PMF [81] [82] [83] , which has been neglected in the present work.
In the future, looking for mode-coupling correlations induced by FR will produce tighter bounds. For the modecoupling estimator approach to become competitive, one needs an experiment with a sufficiently high resolution to collect as many modes as possible near the peak of the EE spectrum, or in the 500 < l < 3000 range. One also needs noise levels below the weak lensing B-mode, which is around 5 µK-arcmin. Achieving a higher resolution and lower noise is, in principle, a matter of cost -it can be accomplished by building larger telescopes with more detectors. While still challenging, it is arguably a simpler task than subtracting the large galactic foregrounds that obscure the primordial B-modes at lower l. FR estimators would also be aided by having more channels at frequencies below 100 GHz, but they do not benefit from increasing the sky coverage beyond 20%, as the galactic FR becomes too strong away from the galactic poles.
B-modes offer a relatively clean probe of the PMF, as there are relatively few other sources contributing on the relevant scales. The most relevant competing contribution to the BB spectrum comes from weak lensing, which can be partially subtracted using de-lensing techniques [100, 101] . Fortunately, the mode-coupling correlations induced by lensing are of opposite parity to those induced by FR, and do not interfere with reconstruction of the FR angle. The lensing does, however, contribute to the variance of the quadratic estimator of FR, which will be important for Stage III and Stage IV experiments with noise levels below 5 µK-arcmin.
The other important obstruction comes from the galactic RM, which can hinder the detection of FR from the PMF. To detect PMF strengths below 0.1 nG one would need a more accurate galactic RM map [102] . However, even with no de-lensing and no subtraction of the galactic RM, Stage III experiments will be able to decrease the upper bound on the PMF strength to ∼ 0.5 nG, while a Stage IV experiment or an EPIC-IM class space mission would reduce it to below 0.2 nG. This will conclusively rule out or confirm the existence of ∼ nG strength PMFs required to generate µG galactic fields with no help from a dynamo mechanism.
